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Abstract
In this paper we discuss the construction of non-geometric Q- and R-branes as sources of
non-geometric Q- and R-fluxes in string compactifications. The non-geometric Q-branes, be-
ing obtained via T-duality from the NS 5-brane or respectively from the KK-monopole, are
still local solutions of the standard NS action, where however the background fields G and B
possess non-geometric global monodromy properties. We show that using double field theory
and redefined background fields G˜ and β as well as their corresponding effective action, the
Q-branes are locally and globally well behaved solutions. Furthermore the R-brane solution
can be at least formally constructed using dual coordinates. We derive the associated non-
geometric Q- and R-fluxes and discuss that closed strings moving in the space transversal to
the world-volumes of the non-geometric branes see a non-commutative or a non-associative
geometry.
In the second part of the paper we construct intersecting Q- and R-brane configurations as
completely supersymmetric solutions of type IIA/B supergravity with certain SU(3)×SU(3)
group structures. In the near horizon limit the intersecting brane configurations lead to type
II backgrounds of the form AdS4 ×M6, where the six-dimensional compact space M6 is a
torus fibration with various non-geometric Q- and R-fluxes in the compact directions. It
exhibits an interesting non-commutative and non-associate geometric structure. Furthermore
we also determine some of the effective four-dimensional superpotentials originating from the
non-geometric fluxes.
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1 Introduction
Non-geometric string backgrounds are interesting because of several reasons. Already early ex-
ample for classes of non-geometric string constructions, such as covariant lattices [1], fermionic
string constructions [2, 3] or asymmetric orbifolds [4], have shown that non-geometric string
backgrounds are abundant and provide generic points in the string landscape. More recently
it became clear that generalized complex geometries, which include T-folds (spaces that are
globally not well-defined) [5–8] and other non-geometric string backgrounds, have very inter-
esting mathematical properties. They generalize Calabi-Yau manifolds to spaces with several
kind of geometric and non-geometric fluxes and generalized SU(3) × SU(3) group struc-
tures. Finally, non-geometric string backgrounds naturally arise in the context of doubled
field theory [9] and T-duality, as they can be constructed by applying chains of T-duality
transformations to geometric flux backgrounds.
Another reason for the importance of non-geometric string background is the observation
that non-geometric fluxes are part of the effective 4D (super)-potential. Even without ref-
erence to an underlying non-geometric compactification from 10 dimensions, non-geometric
fluxes already arise from the requirement of T-duality invariance of the effective scalar poten-
tial. In particular there is an interesting relation to the gauge algebra of gauged supergravity
theories and the (non)-geometric fluxes in their effective potential. In many cases, the pres-
ence of these fluxes is important for the moduli stabilization process, and one expects to
obtain phenomenologically interesting string ground states from supergravity potentials with
non-geometric fluxes. Furthermore it was recently shown [10–12] that 4D non-geometric fluxes
can be expressed by a new ten-dimensional effective action, where the standard H-flux term
is replaced by terms, which encapsulate the non-geometric fluxes. This new ten-dimensional
effective action is indeed well defined for non-geometric T-fold spaces. It can be obtained by
a certain field redefinition which is closely motivated by T-duality and double field theory.1
Finally, it was discovered that closed string coordinates in a space that is "deformed" by
non-geometric fluxes, become non-commutative and also non-associative [15–19]. The non-
commutativity of closed strings in non-geometric Q-flux backgrounds is a non-local effect,
where the closed string commutator is proportional to the non-geometric flux times a winding
number (dual momentum) [16,18,19]:
[XiQ(τ, σ),X
j
Q(τ, σ)] ≃ Q
ij
k p˜
k , (1.1)
with XiQ(τ, σ), X
k
Q(τ, σ) being the closed string coordinates in the i, j-directions and p˜
k the
dual momentum in the k-th direction. The reason for the observed non-commutativity is that
the closed string acquires mixed boundary (monodromy) conditions (which are reminiscent
of mixed D-N boundary conditions for open strings in the presence of F -flux) in the presence
of non-geometric fluxes of the following form:
XiQ(τ, σ + 2π) = X
i
Q(τ, σ) +Q
ij
k p˜
k X˜Qj(τ, σ) , (1.2)
where X˜Qj(τ, σ) denotes the dual string coordinate in the j-th direction. More generally this
non-commutativity is measured by a Wilson line operator of the Q-flux around holonomy
1An alternative field redefinition was discussed in [13,14].
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circles of the non-geometric backgrounds [12]:
[Xi,Xj ] ∼
∮
Ck
Qijk (X) dX
k . (1.3)
For so-called R-fluxes, which do not possess a description in terms of a local background, the
closed string commutator is proportional to the momentum of the string:
[XiR(τ, σ),X
j
R(τ, σ)] ≃ R
ijk pk . (1.4)
Here XiR(τ, σ) denotes the closed string coordinate in the R-flux background, and the pk are
the ordinary momenta. This then also leads to the closed string non-associativity in terms of
a non-vanishing 3-bracket in the presence of R-fluxes:
[XiR(τ, σ),X
j
R(τ, σ),X
k
R(τ, σ)] ≃ R
ijk . (1.5)
These closed string commutation and 3-bracket relations also indicate a very interesting and
new phase space structure, which can be also derived and quantized using membrane sigma
models [20].
Intersecting Q- and R-branes:
As it is well know, NS 5-branes are supersymmetric solutions of the standard NS effective
action of type IIA/B supergravity. They act as microscopic brane sources for the H-fluxes.
Their T-dual configurations are the Kaluza-Klein monopoles, which are the sources for the
geometric f -fluxes. Hence it is natural to ask, are there also microscopic sources for the
non-geometric Q- and R-fluxes? As we will show, these branes, which we will call Q- and
R-branes can be constructed by T-duality.2 More concretely, the Q-branes follow from one
T-duality transformation acting in the direction transversal to the Kaluza-Klein monopole
configuration. Their corresponding harmonic functions depend logarithmically on the two
transverse directions (similar to D7-branes). As we will discuss, the Q-brane is the source for
a non-geometric Q-flux. Hence it is also the source for closed string non-commutativity, as the
space along the two "nut-directions" of the Q-brane becomes non-commutative for the closed
string coordinates. In addition we will also discuss that the Q-branes, being non-geometric
solutions of the standard NS effective action, are at the same time also solutions of the new ef-
fective action [10–12] for non-geometric string backgrounds. In fact, in terms of the redefined
background fields, where the metric gij is replaced by a dual metric g˜ij, and the Bij-field gets
replaced by a bi-vector βij , the Q-brane solution looks like an ordinary brane with a metric,
which is well-defined under coordinate transformations.
TheR-branes are still more speculative. T-duality strongly suggests that these 8-dimensio-
nal object should exist, and it is conceivable that they can be constructed in more concrete
terms using the doubled field theory formalism. In fact, the R-brane metric also depends on
the dual coordinates and hence cannot be given as a local function of original coordinates.
In any case, being the microscopic sources for the R-fluxes, the coordinates along a three-
dimensional subspace of their world-volume are argued to be non-associative. So after three
2The Q-brane solutions have been constructed before, called higher KK respectively defect branes [21, 22]
or exotic branes [23,24].
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T-dualities, we are led to the following T-duality chain of brane solutions:
NS 5− brane
T1−→ KK monopole
T2−→ Q− brane
T3−→ R − brane (1.6)
The construction of Q- and R-branes is very useful and closely related to the problem of
obtaining 6-dimensional non-commutative and non-associative spaces, which provide consis-
tent supersymmetric compactifications for the type IIA/IIB superstring. So far, closed string
non-commutativity and non-associativity was discussed for two classes of non-geometric string
backgrounds. The first example is a 3-dimensional T-fold, being a torus fibration with elliptic
Z4 monodromy supplemented by non-constant fluxes [16]. In [18] this non-commutative back-
ground was further extended to a full CFT construction, which describes a 6-dimensional,
freely acting asymmetric orbifold.
Another class of 3-dimensional non-commutative and non-associative string backgrounds
is given by the well-known chain of three T-duality transformations:
Hijk
Ti−→ f ijk
Tj
−→ Qijk
Tk−→ Rijk . (1.7)
Starting from a flat 3-torus with constant H-flux one successively gets a 3-dimensional twisted
torus with geometric flux, a 3-dimensional T-fold with constant Q-flux and finally a space with
constant R-flux. The corresponding flux sources are given by NS 5-branes, KK monopoles and
by Q- and R branes. However as they stand, these 3-dimensional spaces are not consistent,
supersymmetric solutions of type IIA/IIB superstring theory. Simple products of two such
spaces also do not lead to consistent 6-dimensional backgrounds. In order to generalize this
chain of 3-dimensional spaces to consistent, 6-dimensional, supersymmetric solutions of type
IIA/IIB supergravity, we will utilize intersecting NS 5-branes, intersecting KK monopoles,
intersecting Q-branes and intersecting R-branes. In particular we will argue that intersecting
Q- and R-branes make physically perfect sense and lead to supersymmetric ground states. We
will discuss various intersecting Q-brane configurations and their corresponding non-vanishing
closed string commutators. We will also discuss several intersecting R-brane configurations
and their related 3-brackets.
In the near horizon limit of all these intersecting brane configurations the 10-dimensional
supersymmetric geometries will be always of the form3
M10 = AdS4 ×M
H,f,Q,R
6 . (1.8)
As we will discuss, the allowed internal 6-dimensional spaces MH,f,Q,R6 are equipped with
H, f,Q,R-fluxes and can be derived from chains of consecutive T-dualities as follows:
3The geometric spaces MH,f6 were already constructed in [25,26].
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IIA : MH6
T1,T2
−→ Mf6
T3,T4
−→ MQ6
T5,T6
−→ MR6 ,
T1
↓
IIB : MH,f6
T2,T3
−→ Mf,Q6
T4,T5
−→ MQ,R6 ,
T3
↓
IIA : MH,f,Q6 (1.9)
These six-dimensional spaces must possess specific SU(3) × SU(3) group structures in order
to satisfy the type IIA/B supersymmetry conditions. Specifically, MH6 is a flat 3-torus with
H-fluxes in four different directions, and Mf6 a geometric space with four different geomet-
ric fluxes. This geometric space is just the Nilmanifold N4.7, which is known to provide a
nice example for supersymmetric non-Calabi-Yau compactification with SU(3) group struc-
ture. MQ6 and M
R
6 will be new non-geometrical spaces with particular SU(3)× SU(3) group
structures, which arise from the intersection of four Q-branes or, respectively, with four R-
branes. In addition there are also several other allowed spaces with mixed geometrical and
non-geometrical fluxes, such as backgrounds with H-, f - and Q-fluxes. In all the cases that
involve intersections of Q- and/or R-branes one obtains an interesting pattern of different
commutators and/or 3-brackets.
The paper is organized as follows. In the next section we want to recall the construction
of the NS 5-branes and KK monopoles as solutions of the standard NS effective action. Then
we will move on via T-duality to the construction of the non-geometric Q- and R-branes,
where we will show that these branes are good solutions of the new effective NS action for
non-geometric backgrounds. This also allows a simple derivation of the corresponding Q- and
R-fluxes caused by these brane solutions. In section three we continue to the configurations
of four intersecting branes. Taking the near horizon limit and performing a suitable rescaling
of the coordinates, AdS4 ×M
H,f,Q,R
6 geometries are derived. As we will see, the study of the
intersecting Q-and R-branes provides a simple and elegant way to derive all non-geometric
flux backgrounds and also the commutation relations of the internal coordinates. We will
also provide a brief discussion about the form of the supersymmetry conditions for the in-
tersecting non-geometric branes. In fact, using the redefined background fields G˜, β, Q and
R, the supersymmetry conditions can be written in a very short form, in analogy to the su-
persymmetry conditions for spaces with non-vanishing H-field background. In addition will
also briefly discuss the effective four-dimensional superpotentials, which follow from the com-
pactification on the considered geometric as well as non-geometric spaces. Specifically, these
compactfications will lead to effective IIA/IIB flux superpotentials [7, 28–31], which depend
on the dilaton S, the Kähler moduli Ti and the complex structure moduli Um. We will de-
rive the moduli dependence of the geometric as well as non-geometric IIA flux superpotentials.
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2 Geometric and non-geometric NS brane solutions
2.1 Geometric brane solutions
In the following, we will first briefly recall the NS 5-brane solution and the T-dual Kaluza-
Klein monopole.
2.1.1 The NS 5-brane
Let us start with the standard effective action of type IIA/B superstrings, where we include
only the NS background fields, namely the metric G, the antisymmetric tensor field B, its
associated 3-form field H = dB and the dilaton φ:
S =
∫
d10x e−2φ
√
|G|
(
R+ 4(∂φ)2 −
1
12
HijkH
ijk
)
. (2.1)
As it is very well known, the NS 5-brane is a solution of the field equations of the NS
effective action (2.1). It acts as the source for the 3-form H-field flux. In the string frame,
the NS 5-brane is described by the following metric, anti-symmetric tensor field and dilaton
configuration:
ds2NS5 =
∑
i
(dxi‖)
2 + h(r)
∑
k
(dxk⊥)
2 (i = 0, . . . , 5 and k = 1, · · · , 4)
eφ =
√
h(r)
Hmnp = ǫmnpq∂qh(r) (2.2)
with the harmonic function h given as h(r) = 1 + H
r2
(r2 =
∑
x2⊥).
In order to make contact with the H-flux backgrounds, which will be discussed in section
three, we assume that the NS 5-brane is wrapping three internal, compact directions, e.g.
y4, y5, y6, and it forms a domain wall in the four-dimensional uncompactified space-time,
where we denote the four uncompactified coordinates by xµ (µ = 0, . . . , 3) and the six compact
ones by yi (i = 1, . . . , 6). The metric in the six internal directions then takes the form
ds2NS5 = h(r)
∑
i=1,2,3
(dyi)2 +
∑
i=4,5,6
(dyi)2 . (2.3)
The corresponding 5-brane geometry is depicted in the following table:
x0 x1 x2 x3 y1 y2 y3 y4 y5 y6
NS5
⊗ ⊗ ⊗ ⊗ ⊗ ⊗
The four-dimensional domain wall structure will be always valid in all brane configurations to
be discussed in the following. In section three we will consider the case that the H-field has
only legs in the transversal compact space, i.e. Hy1,y2,y3 = H. Furthermore we will consider
the intersecting of four different branes, such that there remains only one common transversal
direction, denoted by x3. This will be achieved by assuming that the harmonic function h(r)
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linearly depends only on the radial direction of the four-dimensional domain wall, associated
with the coordinate x3. Thus in this case
h(x3) = Hx3 (2.4)
and after rescaling of the coordinates, the internal six-dimensional part of the metric eq.(2.3)
will become the flat metric of T 6.
2.1.2 The Kaluza-Klein monopole
Now we take the background eq.(2.2) of the NS 5-brane and perform a T-duality transfor-
mation along the transversal compact direction y1 ≡ y. As it is well-know, the T-dual con-
figuration is given by the Kaluza-Klein monopole. 4 It is a purely geometrical configuration
without H-field and dilaton φ, whose metric can be brought into the following form:
ds2KK =
∑
µ=0,1,2
(dxµ)2 +
∑
i=4,5,6
(dyi)2 +
1
h(r)
(
dy +
∑
i=2,3
Aidy
i
)2
+ h(r)
(
(dx3)2 +
∑
i=2,3
(dyi)2
)
.(2.5)
Here Aidy
i is a one-form gauge field that corresponds to the off-diagonal metric component
of the KK monopole. The direction y is now an isometry of the solution, as the harmonic
function h(r) = 1+ fr , r
2 = (x3)2+(y2)2+(y3)2 does not anymore depend on y. However this
solution does not correspond to a real six-dimensional brane, but the y-direction is referred
to be the nut direction of the KK monopole. The corresponding nut charge is given by the
parameter f of the harmonic function. T-duality with the NS 5-brane implies the connection
Ai = By,yi between the one-form gauge field of the KK monopole and the Kalb-Ramond field
of the NS 5-brane. There is always a gauge of the Kalb-Ramond field in which By,y3 = A3
vanishes. The remaining component A2 is connected to the harmonic function h by
A2 =
∫
dy3 ∂x3h . (2.6)
The KK monopole configuration is shown in the following table, with the dot denoting the
nut direction:
x0 x1 x2 x3 y y2 y3 y4 y5 y6
KK
⊗ ⊗ ⊗
•
⊗ ⊗ ⊗
Setting the harmonic function h according to eq.(2.4) and identifying f ≡ Hr the metric in
the internal compact directions will take the form:
ds2KKint =
1
fx3
(
dy + fy3dy2
)2
+ fx3
∑
i=2,...,6
(dyi)2 . (2.7)
It is not difficult to see that for a constant x3 this metric is identical to the metric of the
simplest 6-dimensional Nilmanifold, namely N5.2. The corresponding metric flux can be
immediately read off and is given by the following non-vanishing flux component:
fy23 = f . (2.8)
4The T-duality between the NS 5-brane and the KK monopole was discussed using the double geometry
formalism in [27] .
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2.2 Non-geometric brane solutions
2.2.1 Effective actions for non-geometric backgrounds
Non-geometric backgrounds can be nicely described via the frame work of doubled field the-
ory (DFT). DFT was introduced in [9]. In this theory, T-duality is turned into a manifest
symmetry by doubling the coordinates at the level of the effective space-time action for string
theory. T-duality relates momentum and winding modes of a closed string moving on a torus
TD via the T-duality group O(D,D). When the coordinates are doubled, this duality sym-
metry can be made manifest. Thus, in DFT every conventional coordinate xi, associated to
momentum modes, is complemented by a dual coordinate x˜i, associated to winding modes.
The coordinates combine into a fundamental O(D,D) vector XM = (x˜i, x
i). As explained
in [10–12], we now like to consider the following field redefinition of the metric G and the
B-field:
(G˜−1 + β)−1 ≡ E˜−1 = E = G+B , (2.9)
where we have introduced
E˜ ij = G˜ij + βij . (2.10)
Here βij is a bi-vector. We also redefine φ:√
|G|e−2φ = e−2d =
√
|G˜|e−2φ˜ . (2.11)
The redefinitions (2.9) has the form of a T-duality transformation over all D coordinates
along the tours TD. Now, the Q-flux is defined as
Qjki = ∂iβ
jk . (2.12)
For non-geometric situations, where the metric B and the G-field are only locally but not
globally defined, the Q-flux is nevertheless a globally well-defined object. However note that,
being a partial derivative of a bi-vector, Q is in general not a tensor. But, as shown in [11,12],
the proper geometrical interpretation of Q is playing the role of a connection, which allows
us to construct a derivative for the dual x˜ coordinates that is covariant with respect to the x
diffeomorphisms. In case β is satisfying the simplifying condition
βij∂j = 0 (2.13)
when acting on arbitrary fields, the Q-flux actually behaves like a tensor.
In [10–12], we have proposed an effective action for (the NSNS sector of) non-geometric
backgrounds, given in terms of the metric G˜ij , the bivector β
ij and the dilaton φ˜. In case β
is satisfying the condition eq.(2.13), the effective action for G˜ij , β
ij , φ˜ takes the form [10]
S˜ =
∫
d10x
√
|G˜|e−2φ˜
(
R˜+ 4(∂φ˜)2 −
1
4
Q2
)
, (2.14)
where (∂φ˜)2 and Q2 are simply the squares contracted with G˜. Let us emphasize that this
action has the same form as the standard NS action (2.1). As we will see in the following,
although the Q-branes are locally still solutions of the standard action (2.1), the action (2.14)
is much better suited to describe the Q-brane solutions than the standard NS one.
The non-geometric R-flux proposed in [11,12] (see also [32,33]) has the general form
Rijk = 3D˜[iβjk] = 3
(
∂˜[iβjk] + βl[i∂lβ
jk]) , (2.15)
9
where ∂˜ denotes the derivative with respect to the dual coordinate. If the simplifying condition
eq.(2.13) is satisfied, the second term does not contribute, while the first gives
Rijk = 3∂˜[iβjk] . (2.16)
Since the R-flux also contains ∂˜i-derivatives, one has to use the full DFT effective action that
in general contains coordinates as well as dual coordinates:
SDFT =
∫
d10xd10x˜
√
|G˜| e−2φ˜
[
R˜+ 4(∂φ˜)2 −
1
4
R2 + . . .
]
(2.17)
As we will see in the following, the R-brane solution will indeed depend on the dual coordinate
x˜i in one of the directions, but not at the same time on coordinate x
i in the same direction
of the compact space.
Now we will move on to solutions of this new effective actions (2.14) and (2.17): First we
consider Q-branes, which are globally well defined solutions of (2.14). Afterwards we describe
R-branes which are closely connected to (2.17).
2.2.2 The non-commutative Q-brane configuration
T-dualizing along a direction perpendicular to a KK-monopole will result in a non-geometric
background. Specifically, starting from a single KK monopole shown in the previous subsec-
tion, we assume that the metric eq.(2.5) does not depend on the coordinate y2 (hence the KK
monopole gets smeared in this direction). Now we can perform a T-duality transformation
along the direction y2 ≡ y′. Using the Buscher rules [34, 35], this operation leads to the
following metric:5
ds2Q =
∑
µ=0,1,2
(dxµ)2 +
∑
i=4,5,6
(dyi)2 +
h(r)
h(r)2 +A22
(dy2 + dy′
2
) + h(r)
(
(dx3)2 + (dy3)2
)
.(2.18)
In addition there are also a non-vanishing B-field and a dilaton of the following form:
By,y′ = −
A2
h(r)2 +A22
, eφ =
√
h(r)
h(r)2 +A22
. (2.19)
The metric (2.18) has the form of a 7-brane, but now there are two nut directions y and
y′ in the metric. The harmonic function h only depends on two transversal coordinates x3
and y3, and therefore we now get the logarithmic dependence
h(r) = ln r , r2 = (x3)2 + (y3)2 . (2.20)
on the transversal coordinates. The logarithmic divergence of h implies that this co-dimension
two brane is ill-defined as a single brane. It does not lead to a finite energy solution. However
when we will consider intersecting branes in the next section, we will obtain configurations
that make physically good sense. In addition, since shifting the periodic coordinate y3 by 2π
does not correspond to a standard diffeomorphism of the background, but acts as a T-duality
transformation, this "7-brane" configuration is non-geometric. Its form is depicted in the
following table, where the dots denote the two nut directions:
5This background was already considered in [21–24].
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x0 x1 x2 x3 y y′ y3 y4 y5 y6
Q
⊗ ⊗ ⊗
• •
⊗ ⊗ ⊗
For the harmonic function h in eq.(2.4) and Q ≡ f ≡ H, the two functions h and A2 become
h = Qx3 , A2 = Qy
3 , (2.21)
and the metric in the internal six directions can be written as
ds2Qint =
∑
i=4,5,6
(dyi)2 +Qx3dy3 +
Qx3
(Qx3)2 + (Qy3)2
(dy2 + dy′
2
) . (2.22)
Assuming a constant x3, this is nothing else than the metric of the non-geometric T-fold,
which we like to call NQ5.2, since it is the T-dual to the Nilmanifold N5.2. Thus this brane
acts as the source of the non-geometric flux Q. We will therefore call it a Q-brane. Its metric
(2.22) is equipped with an additional B-field, given now as:
By,y′ = −
Qy3
(Qx3)2 + (Qy3)2
. (2.23)
The Q-brane background, which is specified by eq.(2.18) together with eq.(2.19), is locally
a solution of the standard NS action eq.(2.1) (see appendix A). It was also shown in [24]
that this configuration preserves half of the type IIA/B supersymmetries. However it is
much simpler to discuss this solution using the redefined background parameters G˜ and β.
Specifically, using the field redefinition eq.(2.10), we obtain for G˜ and β:
ds˜2Q =
∑
µ=0,1,2
(dxµ)2 +
1
h(r)
(
dy2 + dy′
2
)
+ h(r)
(
(dx3)2 + (dy3)2
)
+
∑
i=4,5,6
(dyi)2 ,
βy,y
′
Q = −A2 ,
eφ˜ =
1√
h(r)
. (2.24)
Instead of an H-field, the redefined background possesses a non-vanishing Q-flux, which can
be easily computed using eq.(2.12):
Qy,y
′
3 = ∂y3β
y,y′
Q = −Q , (2.25)
where the bi-vector βy,y
′
is satisfying the simplifying constraint (2.13). In appendix A we
show that this background is indeed a solution of the redefined effective action eq.(2.14).
Furthermore the redefined background eq.(2.24) now behaves well-defined with respect to
shifts of the periodic coordinate y3 by 2π.
Let us now discuss the non-commutative closed string geometry of Q-brane solution. Since
it carries the Q-flux Qy,y
′
3 , the directions y and y
′ possess non-trivial monodromy properties,
when going around the circle in the y3 direction. This leads to the following closed string
boundary conditions, which mixes the coordinates with the dual coordinates in the y and y′
directions of the closed string [19]:
Y (τ, σ + 2π) = Y (τ, σ) +Qy,y
′
3 p˜
3 Y˜ ′(τ, σ) ,
Y ′(τ, σ + 2π) = Y ′(τ, σ)−Qy,y
′
3 p˜
3 Y˜ (τ, σ) . (2.26)
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It follows that a closed string in the field of the Q-brane sees a non-commutative geometry in
the y, y′-directions:
[Y (τ, σ), Y ′(τ, σ)] ≃ Q p˜3 . (2.27)
Here p˜3 is the dual momentum in the y
3-direction.
2.2.3 The non-associative R-brane configuration
Let us now come to the final step in the T-duality chain eq.(1.9). Starting from the Q-brane,
we will assume that the function h(r) does not depend anymore on the coordinate y3. Hence
h(r) will be a linear function in the remaining transversal coordinate x3. Then the T-duality
in y3 = y′′ leads to the following 8-dimensional R-brane configuration:
x0 x1 x2 x3 y y′ y′′ y4 y5 y6
R
⊗ ⊗ ⊗
• • •
⊗ ⊗ ⊗
This brane configuration apparently possess three nut directions. However, since we are
now doing a T-duality along a non-isometry direction, namely y′′, the R-brane does not
possess a local metric in the original coordinates. But, as discussed in [12], double field
theory [9] has a proposal on how to T-dualise along a direction which is not an isometry: we
just need here to formally replace the coordinate y′′ by its dual coordinate y˜′′, in analogy to
the replacement of the momentum by its dual quantity, namely the winding. Performing this
replacement, we get using the redefined background fields G˜ and β the following expressions:
ds˜2R =
∑
µ=0,1,2
(dxµ)2 +
1
h(r)
(
dy2 + dy′
2
)
+ h(r)
(
(dx3)2 + dy˜′′
2
)
+
∑
i=4,5,6
(dyi)2 ,
βy,y
′
R = −Ry˜
′′ ,
eφ˜ =
1√
h(r)
, (2.28)
where after T-duality we have denoted the parameter of the solution by R, with R ≡ Q ≡
f ≡ H. Using eq.(2.16), the corresponding R-flux is given as
Ry,y
′,y′′ = ∂y˜′′β
y,y′
R = −R . (2.29)
A closed string in the field of the R-brane sees a non-commutative and non-associative
geometry in the y, y′, y′′-directions. Specifically we obtain the following non-vanishing com-
mutators and 3-brackets with p, p′p′′ being the momenta in the y, y′, y′′-directions:
[Y (τ, σ), Y ′(τ, σ)] ≃ R p′′
[Y ′′(τ, σ), Y (τ, σ)] ≃ R p′
[Y ′(τ, σ), Y ′′(τ, σ)] ≃ R p
[Y (τ, σ), Y ′(τ, σ), Y ′′(τ, σ)] ≃ R . (2.30)
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3 Type IIA/B AdS4 × M6 backgrounds from intersecting NS
5-branes, KK monopoles, Q- and R-branes
3.1 Geometric intersecting branes
In the absence of sources and higher-order derivative corrections, supersymmetric backgrounds
of type II supergravity of the form R1,3 ×M6 require the internal manifold M6 to be Calabi-
Yau. Turning on the background fluxes while preserving maximal symmetry in the four non-
compact dimensions forces the background to be of the form of a warped product AdS4×wM6,
where M6 is no longer a Calabi-Yau. The departure from the Calabi-Yau condition in the
presence of fluxes can be described by SU(3) group structures and associated torsion classes
[36, 37] or more generally by reformulating the supersymmetry conditions in the framework
of generalized geometry [38,39]. This leads to the statement that M6 must possess a pair of
compatible pure spinors obeying certain differential conditions [40].
Let us very briefly recall the supersymmetry conditions on the background (G,B, φ) for
type IIA/IIB compactifications. We perform a four-plus-six space-time split, according to
which the ten-dimensional metric takes the warped-product form:
ds2 = e2A(y)ds24 + gijdy
idyj , (3.1)
where exp(2A(y)) is the warp factor, ds24 is the line element of AdS4 and gij is the internal-
manifold metric. (We denote the four coordinates of AdS4 by x
µ (µ = 0, . . . , 3), whereas the
six compact coordinates are denoted by yi (i = 1, . . . , 6).) Within the framework of generalized
complex geometry, supersymmetry requires that the structure group of the generalized tangent
bundle to be SU(3)×SU(3). The supersymmetry generators η(1) and η(2) are then collected
into two spinor bilinears, which can be associated with two polyforms of definite degree
/Ψ+ =
8
|a||b|
η
(1)
+ ⊗ η
(2)†
+ , /Ψ− =
8
|a||b|
η
(1)
+ ⊗ η
(2)†
− . (3.2)
In order to obtain similar equations in IIA and IIB one redefines
Ψ1 = Ψ∓ , Ψ2 = Ψ± , (3.3)
with upper/lower sign for IIA/IIB. With these definitions the supersymmetry conditions take
the following schematic form in both IIB and IIA, where we neglected all possible Ramond
fluxes as well as a warp factor and the dilaton
dHΨ1 = 0 ,
dHΨ2 = 0 , (3.4)
where
dH = d+H ∧ . (3.5)
AdS4 vacua in Type IIA:
Necessary and sufficient conditions for supersymmetric vacua of the form AdS4 × M6
have been established in the case of (massive) IIA backgrounds with constant dilaton and
warp factor in [41]. First we discuss IIA solutions with strict SU(3) group structure for the
13
cases of geometric spaces with H-fluxes and/or geometric fluxes, where we mainly follow the
discussion in [26,41]. Neglecting the Ramond forms, the solutions are given by6
H(y) = HeφℜΩ . (3.6)
Furthermore, (J , Ω) is the SU(3) group structure of the internal six-manifold, i.e. J is a real
two-form, and Ω is a decomposable complex three form such that:
Ω ∧ J = 0 ,
Ω ∧ Ω∗ =
4i
3
J3 6= 0 . (3.7)
The SU(3) group structure is related to the two polyforms by making the following identifi-
cation:
Ψ− = −Ω , Ψ+ = e
iJ , (3.8)
Supersymmetry is then requiring that the only non-zero torsion classes of the internal manifold
are W−1 ,W
−
2 which are defined such that:
7
dJ = −
3
2
iW−1 ℜΩ ,
dΩ = W−1 J ∧ J +W
−
2 ∧ J . (3.9)
This requirement largely restricts the number of known solutions. By taking the internal
six-dimensional space to be a 6-dimensional Nilmanifold M6, it suffices to look for all possible
Nilmanifolds, whose only non-zero torsion classes areW−1,2. As we will discuss in the following,
there are exactly two possibilities in type IIA, namely the six-torus and the Nilmanifold N4.7
of Table 4 of [42] (also known as the Iwasawa manifold).
AdS4 vacua in Type IIB:
For IIB on the other hand, where the above definitions of Ψ1 and Ψ2 are switched, we are
interested in the case for which
η
(2)
+ = V
iγiη
(1)
− . (3.10)
This condition will correspond to spaces with static SU(2) group structure, and we define the
following SU(2)-structure quantities
ω2 = J + 2iV ∧ V
∗ , Ω2 = ιV ∗Ω (3.11)
where J and Ω form the SU(3)-structure associated to η+ = |a|
−1η
(1)
+ . We then find for the
pure spinors
Ψ+ = −e
2V ∧V ∗Ω2 ,
Ψ− = −2V ∧ e
iω2 . (3.12)
Plugging this ansatz in (3.4), one finds equations for the SU(2)-structure quantities V , ω2
and Ω2.
We will now first consider six-dimensional geometric background, which arise from the
intersection of NS 5-branes and KK monopoles.
6The parameter H is proportional to the mass parameter m of massive IIA supergravity H = 2
5
m. Further-
more m is related to W−1, the radius of AdS4, in the following way: W = −
1
5
eφm. In general, this equation
also contains the Freund-Rubin parameter.
7Consistent supersymmetric IIA solutions will also require the existence of Ramond 2-form and 4-form
fluxes.
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3.1.1 Type IIA: six-torus with H-flux
Here the six-dimensional spaceM6 is just the flat torus T
6. Let us define a left-invariant basis
{ei} such that:
dei = 0, i = 1, . . . , 6 . (3.13)
On the torus we can just choose ei = dyi, where yi are the internal coordinates. The SU(3)-
structure is given by
J = e12 + e34 + e56 ,
Ω = (ie1 + e2) ∧ (ie3 + e4) ∧ (ie5 + e6) , (3.14)
Hence all torsion classes trivially vanish in this case. In addition, there are four non-vanishing
H-field components:
Hy2,y4,y6 = Hy2,y5,y3 = Hy1,y6,y3 = Hy1,y5,y4 = H . (3.15)
The corresponding B-field components are
By2,y4 = −By1,y3 = Hy
6 , By1,y4 = By2,y3 = −Hy
5 . (3.16)
As shown in [25,26], this background can be obtained from the intersection of four different
NS 5-branes, as shown in the following table:8
x0 x1 x2 x3 y1 y2 y3 y4 y5 y6
NS5
⊗ ⊗ ⊗ ⊗ ⊗ ⊗
NS5′
⊗ ⊗ ⊗ ⊗ ⊗ ⊗
NS5′′
⊗ ⊗ ⊗ ⊗ ⊗ ⊗
NS5′′′
⊗ ⊗ ⊗ ⊗ ⊗ ⊗
The full intersecting brane solution patches two asymptotic regions: a near-horizon region
of AdS4 × T
6 geometry and a flat region at infinity. Note that the harmonic function of
the intersecting branes only depend on the non-compact (radial) coordinate of the four-
dimensional AdS4 space, denoted by x
3. As shown in [25], in the near-horizon limit x3 → 0 of
the solution, the brane system above is replaced by fluxes. After rescaling of the coordinates,
the near-horizon limit of the solution precisely corresponds to the flat six-torus T 6 with H-
field, as shown eq.(3.15).
Furthermore, in type IIA (orientifold) compactifications, the effective, 4-dimensional su-
perpotential has the following general structure:
H − flux : W IIAH = a0S + bmUm . (3.17)
Here we obtain from the NS sector:
W IIAH = H246S +H235U1 +H145U2 +H136U3 . (3.18)
8In addition, the complete brane configuration also contains three intersecting D4-branes and one D8-brane,
which are the sources of the omitted Ramond 4-form fluxes and the IIA mass parameter m, as well as four
(smeared) orientifold O6-planes.
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Note that the superpotential with all NS and Ramond fluxes, which follow from the complete
intersection of NS 5-branes branes plus the additional D-branes, stabilizes all moduli in an
supersymmetric AdS4 minimum. In this context it is interesting to see that the values of the
stabilized moduli fields in the effective field theory are identical to the asymptotic values of
these fields in the near horizon limit of the intersecting brane geometries [25].
3.1.2 Type IIA: Iwasawa manifold
Let us now perform two T-duality transformations along the y1 and y2 directions of the inter-
nal manifolds. These will transform all four H-field components into the following geometric
fluxes:
f246 = −f
1
36 = −f
1
45 = −f
2
35 = f (3.19)
where by T-duality f ≡ H. Then the 6-dimensional metric takes the following form
ds2 =
∑
i
(
dyi + f ijky
kdyj
)2
=
(
dy1 − fy6dy3 − fy5dy4
)2
+
(
dy2 + fy6dy4 − fy5dy3
)2
+
∑
i=3,4,5,6
(dyi)2 .
The corresponding 6-dimensional space is just the Nilmanifold N4.7, known as Iwasawa man-
ifold, as can be seen as follows. The left-invariant basis is now defined by:
dea = 0, a = 3, . . . , 6 ,
de1 = f(e45 − e36) ,
de2 = f(e46 + e35) , (3.20)
and is usually denoted by (45 − 36, 46 + 35, 0, 0, 0, 0). Up to basis transformations there is a
unique SU(3)-structure satisfying the supersymmetry conditions:
J = e12 + e34 + e65 ,
Ω = (e1 + ie2) ∧ (e3 − ie4) ∧ (e5 + ie6) . (3.21)
In the left-invariant basis, the metric is simply given by g = diag(1, 1, 1, 1, 1, 1), and the
torsion classes can be read off from dJ , dΩ as follows:
W−1 = −
2if
3
,
W−2 = −
4if
3
(
2e12 + e34 + e56
)
, (3.22)
while all other torsion classes vanish. We can verify that dW−2 is proportional to ℜΩ:
dW−2 = −
8if2
3
ℜΩ . (3.23)
This geometric space corresponds to the near horizon geometry of the intersection of four
different KK monopoles as shown in the following table (We do not display the non-compact
directions anymore, but let us keep in mind that they form domain walls.):
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y1 y2 y3 y4 y5 y6
KK
⊗
•
⊗ ⊗
KK′
⊗
•
⊗ ⊗
KK′′ •
⊗ ⊗ ⊗
KK′′′ •
⊗ ⊗ ⊗
The IIA effective superpotential of geometric fluxes has the following general structure:
f − flux : W IIAf = aiSTi + bimTiUm . (3.24)
Using precisely the fluxes in eq.(3.19) we obtain
W IIAf = f
2
46ST1 + f
2
35T1U1 + f
1
45T1U2 + f
1
36T1U3 . (3.25)
3.1.3 Type IIB: the Nilmanifold N5.1
Starting from the flat 6-torus with H-flux we can also perform only one T-duality along the
y1 direction (or from the Iwasawa manifold via T-duality along y2). This leads us to a IIB
background with the following two geometric fluxes:
− f136 = −f
1
45 = f . (3.26)
In addition two H-fluxes survive the T-duality transformation:
H246 = −H235 = H . (3.27)
Now the metric is given by
ds2 =
(
dy1 − fy6dy3 − fy5dy4
)2
+
∑
i=2,3,4,5,6
(dyi)2 ,
which corresponds to the Nilmanifold N5.1, defined left-invariant basis
dea = 0, a = 2, 3, . . . , 6 ,
de1 = f(e45 − e36) .
(3.28)
For the SU(2) group structure quantities one obtains
eiθV =
1
2
(
e1 + ie2
)
,
ω2 = −e
36 + e45 ,
Ω2 = −ie
iθ(ie6 + e3) ∧ (ie4 + e5) . (3.29)
Again, the above IIB background is the near horizon geometry of its brane sources, namely
the intersection of two NS 5-branes and two KK monopoles, as shown in the following table:
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y1 y2 y3 y4 y5 y6
NS5
⊗ ⊗ ⊗
NS5′
⊗ ⊗ ⊗
KK′′ •
⊗ ⊗ ⊗
KK′′′ •
⊗ ⊗ ⊗
The chain of T-dualities for the three IIA/IIB geometrical brane intersections and their near
horizon geometries obtained so far is summarized as follows:
T 6 + 4H|IIA
T1−→ N5.1 + 2H|IIB
T2−→ N4.7|IIA (3.30)
3.2 Non-geometric spaces: Intersecting Q-branes and R-branes
Let us start this section by briefly discussing the supersymmetry conditions on 6D spaces
with non-geometric fluxes. This can be done most elegantly using the redefined background
fields G˜, β, φ˜. Since, under the simplifying condition (2.13), the old action (2.1) and the new
action (2.14) have the same form, supersymmetry still requires the structure group of the
generalized tangent bundle to be SU(3)×SU(3). However now the supersymmetry conditions
are evaluated with respect to the space determined by G˜, β, φ˜.9 Hence we can again define
two polyforms
/˜Ψ+ =
8
|a||b|
η˜
(1)
+ ⊗ η˜
(2)†
+ , /˜Ψ− =
8
|a||b|
η˜
(1)
+ ⊗ η˜
(2)†
− , (3.31)
where η˜(1,2) are spinors on the redefined background space. The supersymmetry conditions
then take the following schematic form for the case of Q-flux under the simplifying condition
(2.13):10
dQΨ˜1 = 0 ,
dQΨ˜2 = 0 , (3.32)
where now
dQ = d+Q · . (3.33)
Here the · defines the proper contraction of the Q-flux on vectors and forms (see also [43] for
a discussion about supersymmetry, T-duality and non-geometric backgrounds).
For explicit examples the generalized SU(3) × SU(3) structure group will be reduced to
a space with SU(3) or with SU(2) group structure. As we will now discuss, the IIA non-
geometric background with fourQ-fluxes will be a space with flat metric G˜ij (a six-dimensional
torus) after the field redefinition. On the other hand, the IIB space with two geometric fluxes
9Since the field redefinition eq.(2.9), which involves an exchange of 2-form Bij with the bi-vector β
ij ,
basically exchanges the tangent bundle with the co-tangent bundle, the two SU(3) group factors also get
exchanged.
10The general case and also the case of non-vanishing R-flux is more involved and will be treated by D.
Andriot and A. Betz.
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and two Q-fluxes will possess a SU(2) group structure just like its T-dual IIB counterpart,
namely the Nilmanifold N5.1 equipped with two H-fluxes.
At the end of this subsection let us also discuss the non-trivial monodromy properties and
the associated non-commutative geometry structure of the intersecting brane configurations.
All considered spaces M6 are fibrations of a four-dimensional torus T
4 with coordinates yi
(i = 1, . . . , 4) over a two-dimensional torus with coordinates denoted by ym (m = 5, 6). The
monodromy properties of M6 are specified by the fluxes H, f,Q, when going around two
circles in the directions y5 and y6. From these we can then derive the following closed string
boundary (monodromy) conditions:
Y m(τ, σ + 2π) = Y m(τ, σ) + 2π p˜m ,
Y i(τ, σ + 2π) = Y i(τ, σ) + f ijm p˜
m Y j(τ, σ) +Qijm p˜
m Y˜j(τ, σ) ,
Y˜i(τ, σ + 2π) = Y˜i(τ, σ)− f
j
im p˜
m Y˜j(τ, σ) +H
ijm p˜m Y j(τ, σ) . (3.34)
Here the p˜m are the winding numbers of the closed string in the ym-directions. Following
[19], we can derive from these closed string boundary conditions the following non-vanishing
commutators among the closed string coordinates in the directions yi (i = 1, . . . , 4):
[Y i(τ, σ), Y j(τ, σ)] ≃ Qijm p˜
m . (3.35)
3.2.1 Type IIA: four Q-fluxes
The metric and the H-field of four intersection Q-Branes
y1 y2 y3 y4 y5 y6
Q
⊗
•
⊗
•
⊗
Q′
⊗
• •
⊗ ⊗
Q′′ •
⊗
•
⊗ ⊗
Q′′′ •
⊗ ⊗
•
⊗
are derived form the D4/D8/NS5 solution presented in [25]. This solution is parameterized by
eight different function: HD8 for the D8-brane, HD4i (i = 1, 2, 3) for the three D4-branes and
HNS5i (i = 1, 2, 3, 4) for the four NS 5-branes. To adapt this solution to the one introduced
in section 3.1.1, we use
H246 = ∂x3H
NS5
1 (H
D8)−1 H235 = −∂x3H
NS5
2 (H
D8)−1
H136 = −∂x3H
NS5
3 (H
D8)−1 H145 = −∂x3H
NS5
4 (H
D8)−1
which differs by the sign of H246 from [25]. T-dualizing in the y
1, y2, y3 and y4 directions
and demanding
HNS51 H
NS5
2 ∂x3H
NS5
3 ∂x3H
NS5
4 = H
NS5
3 H
NS5
4 ∂x3H
NS5
1 ∂x3H
NS5
2
19
lead to the internal metric
ds2Q =
(
HD8
3∏
i=1
HD4i
)1/2 [
HNS51 H
NS5
2
HD42 x
(dy1)2 +
HNS53 H
NS5
4
HD42 x
(dy2)2 +
HNS51 H
NS5
4
HD41 x
(dy3)2+
HNS52 H
NS5
3
HD41 x
(dy4)2 +
HNS52 H
NS5
4
HD43 H
D8
(dy5)2 +
HNS51 H
NS5
3
HD43 H
D8
(dy5)2
]
with x =
(
4∏
i=1
HNS5i
)
+
1
HD8
(
∂x3H
NS5
2 ∂x3H
NS5
4 (y
5)2 + ∂x3H
NS5
1 ∂x
3HNS53 (y
6)2
)
and the B-field
B31 =
∂x3H
NS5
1 y
6
x
B32 =
∂x3H
NS5
2 y
5
x
B42 =
∂x3H
NS5
3 y
6
x
B41 = −
∂x3H
NS5
4 y
5
x
of four intersection Q-branes. As already stressed, it is often more convenient to use the
redefined metric G˜ and the bi-vector β for Q-brane configurations. After applying the corre-
sponding transformation in eq.(2.10), one gets
ds˜2Q =
(
HD8
3∏
i=1
HD4i
)−1/2 [
HD42 H
D4
3
(
HNS53 H
NS5
4 (dy
1)2 +HNS51 H
NS5
2 (dy
2)2
)
+
HD41 H
D4
3
(
HNS52 H
NS5
3 (dy
3)2 +HNS51 H
NS5
4 (dy
4)2
)
+
HD43 H
D8
(
1
HNS52 H
NS5
4
(dy5)2 +
1
HNS51 H
NS5
3
(dy6)2
)]
and
β31 = −
∂x3H
NS5
1 y
6
HD8
β32 = −
∂x3H
NS5
2 y
5
HD8
β42 = −
∂x3H
NS5
3 y
6
HD8
β41 =
∂x3H
NS5
4 y
5
HD8
,
which have the form of the D4/D8/NS5 solution we started with. To obtain AdS4 on the
uncompactified space, one takes the near horizon limit x3 → 0 which is equivalent to
HD8 →
2
3
(x3)−5/3 , HD4i →
2
3Q4
and HNS5i → Q(x
3)−2/3 .
In this limit
ds˜Q =
6∑
i=1
(dyi)2
is the metric of a flat, 6-dimensional torus with
β31 = −β41 = Qy6 and − β32 = −β41 = Qy5 .
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Having shown that the near horizon limit of four intersecting Q-branes leads to the metric
of flat six-dimensional space, let us now start from the Iwasawa manifold, the near horizon
limit of four KK-monopoles, and perform two T-duality transformations along the y3 and y4
directions of the internal manifolds. The 6-dimensional metric takes the form
ds2Q =
1
x
4∑
i=1
(dyi)2 +
∑
j=5,6
(dyj)2 (3.36)
where x = 1 +Q2
(
(y5)2 + (y6)2
)
. The corresponding B-field components are
−B24 = B13 =
Qy6
x
, B14 = B23 =
Qy5
x
. (3.37)
Since we are dealing with a non-geometric background, it is more convenient to re-express
the metric G by its redefined metric G˜ and B-field in terms of the bi-vector β. Using eq.(2.9),
we obtain
G˜ij = δij , β
24 = −β13 = Qy6 , −β14 = −β23 = Qy5 . (3.38)
Since βij is linear in y5 reps. in y6, it is easy to compute the corresponding Q-fluxes. These
will transform all four f -fluxes into the non-geometric fluxes
Q246 = −Q
13
6 = −Q
14
5 = −Q
23
5 = Q (3.39)
where by T-duality Q ≡ f ≡ H. Hence all four f -fluxes are transformed into the non-
geometric fluxes.
With these four Q-fluxes, the corresponding closed string background is non-commutative
in the following directions:
[Y 2(τ, σ), Y 3(τ, σ)] ≃ Q235 p˜
5 ,
[Y 1(τ, σ), Y 4(τ, σ)] ≃ Q145 p˜
5 ,
[Y 1(τ, σ), Y 3(τ, σ)] ≃ Q136 p˜
6 ,
[Y 2(τ, σ), Y 4(τ, σ)] ≃ Q246 p˜
6 . (3.40)
The Y i(τ, σ) are the internal closed string coordinates, and the p˜5 and p˜6 are the dual (wind-
ing) momenta in the 5,6-directions of internal space.
Concerning the 4D low energy action, as already discussed in [7], the IIA superpotential
with non-geometric Q-flux has the following general structure:
Q− flux : W IIAQ = aijSTiTj + cijmTiTjUm . (3.41)
With our choice of four Q-fluxes we then obtain
W IIAQ = Q
24
6 ST1T2 +Q
23
5 T1T2U1 +Q
14
5 T1T2U2 +Q
13
6 T1T2U3 . (3.42)
3.2.2 Type IIA: one H-flux, two f -fluxes, one Q-flux
We can consider also intersections among Q-branes and other (geometrical) brane configura-
tions. Applying one T-duality along y3 on the intersection configuration of two KK monopoles
and two NS 5-branes, we obtain the intersection of one NS 5-brane, two KK monopoles and
one Q-brane:
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y1 y2 y3 y4 y5 y6
NS5
⊗ ⊗ ⊗
KK′
⊗
•
⊗ ⊗
Q′′ •
⊗
•
⊗ ⊗
KK′′′ •
⊗ ⊗ ⊗
This is equivalent to one T-duality transformations along y3 when starting from the IIB
Nilmanifold N5.1. The resulting IIA background has the two geometric fluxes
f325 = −f
1
45 = f . (3.43)
In addition the H-flux
H246 = H (3.44)
survives the T-duality transformation. Finally, the new flux, which we gain after the T-duality,
is non-geometric Q-flux
Q136 = −Q . (3.45)
The 6-dimensional metric takes the following form
ds2H,f,Q =
1
x
[
(dy3 + fy5dy2)2 + (dy1 − fy5dy4)2
]
+
∑
i=2,4,5,6
(dyi)2 (3.46)
where x = 1 +Q2(y6)2. The non-vanishing components of the B-field are
B12 = B34 =
fx5Qx6
x
, B13 =
Qy6
x
and B24 =
(
H +
(fx5)2Qy6
x
)
y6 . (3.47)
The corresponding closed string background is non-commutative in the following direc-
tions:
[Y 1(τ, σ), Y 3(τ, σ)] ≃ Q136 p˜
6 . (3.48)
3.2.3 Type IIB: two f -fluxes, two Q-fluxes
We can also consider intersections of two KK monopoles and two Q-branes. They arise from
the intersection of four KK monopoles after T-duality in y3:
y1 y2 y3 y4 y5 y6
KK
⊗
•
⊗ ⊗
Q′
⊗
• •
⊗ ⊗
Q′′ •
⊗
•
⊗ ⊗
KK′′′ •
⊗ ⊗ ⊗
The near horizon geometry of this brane intersection can be obtained by direct computa-
tion, which are similar to the ones shown in section 3.2.1 . Alternatively, starting from the
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Iwasawa manifold, let us perform one T-duality transformation along the y3 direction. This
transformation will keep the following two f -fluxes untouched:
f246 = −f
1
45 = f . (3.49)
In addition the remaining two f -fluxes are transformed into the two non-geometric fluxes
Q136 = Q
23
5 = Q . (3.50)
The 6-dimensional metric takes the following form
ds2f,Q = (dy
1 − fy5dy4)2 + (dy2 + fy6dy4)2 +
(dy3)2 −
(
Qy6dy1 +Qy5dy2
)2
x
+
∑
i=4,5,6
(dyi)2
(3.51)
where x = 1 +Q2
(
(y5)2 + (y6)2
)
. The non-vanishing components of the B-field are
B13 =
Qy6
x
, B23 =
Qy5
x
. (3.52)
Let us again compute the background obtained after the field redefinition eq.(2.9). For
the redefined metric we obtain
ds˜2f,Q =
(
dy4 + fy5dy1 − fy6dy2
)2
+
∑
i=1,2,3,5,6
(dyi)2 (3.53)
and the bi-vector β becomes in this case
β13 = −Qy6 , β23 = −Qy5 . (3.54)
This is in good agreement with the Q-fluxes in eq.(3.50). The diffeomorphism
y˜1 = y4 , y˜2 = y3 , y˜3 = −y1 , y˜4 = y2 , y˜5 = y6 and y˜6 = y5 (3.55)
combined with H ≡ Q transforms ds˜f,Q and β into the metric and the H-flux of the Nilman-
ifold N5.1 presented in section 3.1.3. Therefore, like N5.1, the background described in this
section exhibits a SU(2) group structure.
This space is non-commutative in the following directions:
[Y 2(τ, σ), Y 3(τ, σ)] ≃ Q235 p˜
5 ,
[Y 1(τ, σ), Y 3(τ, σ)] ≃ Q136 p˜
6 . (3.56)
3.2.4 Type IIA: four R-fluxes
Now we are finally coming to 6D spaces with non-vanishing R-fluxes. Starting from the flat
torus with four H-fluxes, let us perform a T-duality in all six internal directions. This results
in the following intersection pattern of four R-branes:
23
y1 y2 y3 y4 y5 y6
R
⊗
•
⊗
•
⊗
•
R′
⊗
• •
⊗
•
⊗
R′′ •
⊗
•
⊗ ⊗
•
R′′′ •
⊗ ⊗
• •
⊗
Using double geometry, the metric and the B-field of this configuration is obtained from the
background of four intersecting Q-branes by replacing y5 and y6 by its dual coordinates y˜5
and y˜6. Therefore we simple obtain from eqs.(3.36), (3.37) and (3.38):
ds2R =
1
x˜
4∑
i=1
(dyi)2 +
∑
j=5,6
(dy˜j)2 (3.57)
where x˜ = 1 +R2
(
(y˜5)2 + (y˜6)2
)
. The corresponding B-field components are
−B24 = B13 =
Ry˜6
x˜
, B14 = B23 =
Ry˜5
x˜
. (3.58)
and
β24 = −β13 = Ry˜6 , −β14 = −β23 = Ry˜5 , (3.59)
where by T-duality R ≡ Q ≡ f ≡ H. The associated R-fluxes are
R246 = −R136 = −R145 = −R235 = R . (3.60)
One can easily work out the corresponding commutators and three-brackets. The phase
space structure of the four R-brane intersection is quite interesting; e.g. for the 3-brackets
among the closed string coordinates Y i(τ, σ) one obtains
[Y 2(τ, σ), Y 4(τ, σ), Y 6(τ, σ)] ≃ R246 ,
[Y 2(τ, σ), Y 3(τ, σ), Y 5(τ, σ)] ≃ R235 ,
[Y 1(τ, σ), Y 3(τ, σ), Y 6(τ, σ)] ≃ R136 ,
[Y 1(τ, σ), Y 4(τ, σ), Y 5(τ, σ)] ≃ R145 . (3.61)
The associated commutators also can be written down without big effort.
Finally, the IIA superpotential with non-geometric R-flux has the following general struc-
ture:
R− flux : W IIAR = aijkSTiTjTk + cijkmTiTjTkUm . (3.62)
Here we obtain:
W IIAR = R
246ST1T2T3 +R
235T1T2T3U1 +R
145T1T2T3U2 +R
136T1T2T3U3 . (3.63)
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3.2.5 Type IIB: two Q-fluxes, two R-fluxes
For completeness let us also perform a T-duality in the internal directions y1, y2, y3, y4, y5,
starting from from the flat torus with four H-fluxes. This results in the following brane
intersection pattern:
y1 y2 y3 y4 y5 y6
Q
⊗
•
⊗
•
⊗
R′
⊗
• •
⊗
•
⊗
Q′′ •
⊗
•
⊗ ⊗
R′′′ •
⊗ ⊗
• •
⊗
The corresponding non-geometric fluxes are
Q246 = −Q
13
6 = Q , −R
145 = −R235 = R . (3.64)
This space is non-commutative/non-associative in the following directions:
[Y 1(τ, σ), Y 3(τ, σ)] ≃ Q136 p˜
6
[Y 2(τ, σ), Y 4(τ, σ)] ≃ Q246 p˜
6
[Y 2(τ, σ), Y 3(τ, σ), Y 5(τ, σ)] ≃ R235 . (3.65)
4 Conclusions and summary
In this paper we have discussed the construction of non-geometric Q- and R-branes as mi-
croscopic sources of non-geometric Q- and R-fluxes. Having constructed these non-geometric
branes via T-duality from the NS 5-brane and the purely geometric KK-monopole background,
we showed that doubled field theory and the use of the redefined background fields G˜ and β
leads to a very simple and elegant construction of these brane solutions. This also allows for
straightforward derivation of the associated Q- and R-background fields as certain derivatives
of the bi-vector β background. Since the non-geometric branes carry an elementary unit of Q-
and R-charge, it follows from the nontrivial monodromy properties around these branes, that
the transversal closed string geometry is non-commutative or, respectively, non-associative.
In the second part of the paper we constructed supersymmetric type IIA and type IIB
intersecting brane configurations, consisting of NS 5-branes, KK-monopoles, Q- and R-branes.
They lead to consistent six-dimensional compact space with various combinations of non-
geometric fluxes and an interesting non-commutative or non-associative geometric structure.
We can summarize the web of T-dualities that led to all considered geometrical and non-
geometrical brane intersection spaces as follows:
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T3−→ 1NS5 + 2KK + 1Q|IIA
T2−→
ր ց
4NS5|IIA
T1−→ 2NS5 + 2KK|IIB
T2−→ 4KK|IIA
T3−→ 2KK + 2Q|IIB
T4−→ 4Q|IIA
T5
↓
2Q+ 2R|IIB
T6
↓
4R|IIA
In the corresponding effective four-dimensional theories, all moduli of the associated 6D com-
pact spaces are fixed by the combinations of geometric and/or non-geometric fluxes, when also
including Ramond fluxes from additional intersecting D-branes. The corresponding potential
has in its minimum a negative energy, confirming the fact that in the near horizon limit of
the interesting branes the four-dimensional space is given by AdS4.
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A Q-branes as solution of the NS action
Setting the variation δS of the standard NS action in eq.(2.1) to zero, leads to the field
equations
R+ 4(∇2φ− (∂φ)2) =
1
12
HijkH
ijk (A.1)
Rij + 2∇i∂jφ =
1
4
HimnH
mn
j (A.2)
2∂iφHijk = ∇
iHijk (A.3)
for the metric Gij , the asymmetric Kalb-Ramond field Bij with the H-flux Hijk = ∇[iBjk]
and the dilaton φ. When evaluating the various terms of these field equations, it is sufficient
to consider only the orthogonal coordinates x3, y1, y2 and y3 of the Q-brane. The remaining,
transversal coordinates are trivial and do not give a contribution. Using eqs.(2.18) and (2.19),
we start with
G =


h 0 0 0
0 h
h2+A22
0 0
0 0 h
h2+A22
0
0 0 0 h

 , B =


0 0 0 0
0 0 A
h2+A22
0
0 − A
h2+A22
0 0
0 0 0 0

 and φ = log
√
h
h2 +A22
where h(x3, y3) is an arbitrary harmonic function and A2(x
3, y3) is linked to h by eq.(2.6).
This two functions h and A2 parameterize the Q-brane completely. They fulfill the Cauchy-
Riemann equations
h(1,0) = A
(0,1)
2 and h
(0,1) = −A
(1,0)
2 ,
where we used the convenient abbreviation h(n,m) = ∂nx3∂
m
y3h. This property of h and A2
allows to express the Q-brane as an hermitian manifold which is parameterized by a single
holomorphic function
f(z2) = h+ iA2 with z
2 = x3 + iy3 .
The metric on this hermitian manifold
ds2h =
1
f(z2)
dz1 ⊗ dz1 + f(z2)dz2 ⊗ dz2 (A.4)
reproduces for z2 = y
1 + iy2 to the metric ds2 = 1/2(ds2h + ds
2
h) corresponding to Gij and the
2-form flux B = i/2(ds2h − ds
2
h) = Bijdy
i ∧ dyj .
To simply the following calculation, we use the substitution rules
A(0,1) → h(1,0) , A(1,0) → −h(0,1) , A(2,0) → −h(1,1) and A(0,2) → h(1,1)
in order to eliminate all A2-derivatives from the field equations. Additionally the substitution
h(0,2) → −h(2,0) takes into account that h is a harmonic function. Using the Mathematica
tensor package xAct, we computed all terms of the field equations. The terms
R = 3
h(1,0)
2
+ h(0,1)
2
2h3
, ∇2φ = 0 , (∂φ)2 =
h(1,0)
2
+ h(1,0)
2
2h3
,
HijkH
ijk = 6
h(1,0)
2
+ h(0,1)
2
h3
, (∂iφ)Hijk = 0 and ∇
iHijk = 0
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of eqs.(A.1) and (A.3) can be reduced to a simple form which only depends on h and its
first derivative. This is not the case for terms of eq.(A.2) which are much more complex and
therefore not presented here. Nevertheless they fulfill, like the terms given above, the field
equation derived from the standard NS action.
Now we like to discuss the solutions of the redefined NS action in eq.(2.14). The principle
of stationary action δS˜ = 0 leads for the redefined NS action to the following redefined field
equations [10]
R˜+ 4(∇2φ˜− (∂φ˜)2) =
1
4
Q jki Q
i
jk (A.5)
R˜ij + 2∇i∂j φ˜ =
1
4
(
Q mni Qjmn − 2Q
n
mi Q
m
jn
)
(A.6)
2(∂iφ˜)Q jki = ∇
iQ jki . (A.7)
where Q denotes the Q-flux Q jki = ∂iβ
jk. Like for the field equations of the standard NS
action, we only consider the orthogonal coordinates of the Q-brane whose configuration
G˜ =


h 0 0 0
0 1h 0 0
0 0 1h 0
0 0 0 h

 , β =


0 0 0 0
0 0 −A 0
0 A 0 0
0 0 0 0

 and φ˜ = log
√
1
h
is given by eq.(2.24). Again the above introduced substitutions are applied during the calcu-
lations of the individual terms of the redefined field equations, leading to
R˜ = −5
h(1,0)
2
+ h(0,1)
2
2h3
, ∇2φ˜ =
h(1,0)
2
+ h(0,1)
2
h3
, (∂φ˜)2 =
h(1,0)
2
+ h(1,0)
2
4h3
,
Q jki Q
i
jk = 2
h(1,0)
2
+ h(0,1)
2
h3
, (∂iφ˜)Q jki = 0 and ∇
µQ jki = 0
for eqs.(A.5) and (A.7). Additionally on get the following terms
R˜ij =


2h(0,1)
2
−3h(1,0)
2
+2hh(2,0)
2h2 0 0
2hh(1,1)−5h(0,1)h(1,0)
2h2
0 −h
(0,1)2+h(1,0)
2
h4 0 0
0 0 −h
(0,1)2+h(1,0)
2
h4 0
2hh(1,1)−5h(0,1)h(1,0)
2h2 0 0 −
3h(0,1)
2
−2h(1,0)
2
+2hh(2,0)
2h2


∇i∂j φ˜ =


−h
(0,1)2−3h(1,0)
2
+2hh(2,0)
4h2 0 0
2h(0,1)h(1,0)−hh(1,1)
2h2
0 h
(0,1)2+h(1,0)
2
4h4 0 0
0 0 h
(0,1)2+h(1,0)
2
4h4 0
2h(0,1)h(1,0)−hh(1,1)
2h2 0 0
3h(0,1)
2
−h(1,0)
2
+2hh(2,0)
4h2


Q mni Qjmn − 2Q
n
mi Q
m
jn =


2h(0,1)
2
h2
0 0 −2h
(0,1)h(1,0)
h2
0 −2h
(0,1)2+h(1,0)
2
h4
0 0
0 0 −2h
(0,1)2+h(1,0)
2
h4 0
−2h
(0,1)h(1,0)
h2 0 0
2h(1,0)
2
h2


for eq.(A.6). As expected, these results prove that the redefinedQ-brane satisfies the redefined
field equations.
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